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1 Optical Cooling

Consider optical stochastic cooling using dependence on transit time through the bypass to couple
transverse and longitudinal phase space in the pickup to phase in the kicker. The packet emits radiation in
the pickup undulator that will arrive in the kicker with some relative phase φ = k∆s, where k is the
wavenumber of the characteristic undulator radiation and ∆s = s− s0 is the change in path length through
the bypass. The interaction of the packet with the radiation in the kicker shifts its energy by

∆p/p = ξ sin(φ) = ξ sin(k∆s). (1)

In order to effect cooling, the phase is necessarily correlated with the phase space coordinate of the packet
in the kicker, φ(~xp). That is, the phase depends ~xp. The linear dependence of ∆s on ~xp is written

∆s = M51xp +M52x
′
p +M56z

′
p (2)

where M is the 6X6 transfer matrix from the center of the pickup undulator to the center of the kicker.
Since x = xβ + xe and x′ = x′β + x′e equation 2 becomes

∆s = M51(xβ + xe) +M52(x′β + e′e) +M56z
′
p

∆s = M51xβ + +M52x
′
β + (M51η +M52η

′ +M56)z′p (3)

Next we write phase space coordinates at the pickup in terms of betatron amplitude and phase

xpβ = a
√
βp cos θ

x′pβ =
1

2

aβ′p√
βp

cos θ − a√
βp

sin θ (4)

= − a√
βp

(αp cos θ + sin θ) (5)

and likewise at the kicker for future reference

xkβ = a
√
βk cos(θ + φ) (6)

x′kβ = − a√
βk

(αk(cos(θ + φ) + sin(θ + φ)) (7)

Then

∆s = a(M51

√
βp cos θ)−M52

(αp cos θ + sin θ)√
βp

)− az(M51η +M52η
′ +M56)

(αp cos θz + sin θz)√
βz

) (8)

∆s = Ax sin(θx + θxt) +Az sin(θz + θzt) (9)

where

Ax = ax
[
M2

51βx +M2
52γx − 2M51M52αx

]1/2
(10)

θxt = tan−1 M51βp −M52αp
M52

(11)

Az = az(M51η +M52η
′ +M56)γz (12)

2 Cooling

The cooling is quantified as the change in the invariant amplitude due to interaction of packet with
radiation in the kicker undulator. At the kicker ∆xkβ = −ηk∆p/p and ∆x′kβ = −η′k∆p/p. And

∆zk = 0,∆z′k = ∆p/p. If x = ax
√
βx cosφx, or z = ax

√
βz cosφz then the amplitude

a2
x = βx′

2
+ γx2 + 2αxx′
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The change in the amplitude

∆a2
x = −2(∆p/p)(βxx

′
kβη
′
x + γxxkβηx + αx(xkβη

′
k + x′kβηk)) (13)

∆a2
x = −2(∆p/p)((γxηx + αxη

′
k)ax

√
βx cos θ − ax(βxη

′
x + αxηk)(

αx cos θ + sin θ√
βx

)

∆a2
x = −2(∆p/p)((γxηx + αxη

′
k − αxη′ −

α2
xηk
β

)ax
√
βx cos θ − ax(βxη

′
x + αxηk)(

sin θ√
βx

)

∆a2
x = −2(∆p/p)ax(

η√
βx

cos θ − (βxη
′
x + αxηk)

sin θ√
βx

)

= −2(∆p/p)Ex sin(θxk + θxc) (14)

where

Ex = ax(
η2

β
+
β2(η′)2 + α2η2 + 2αβη′η

β
)1/2

= ax(η2γ + βη′
2

+ 2αη′η)1/2 (15)

θxc = − tan−1 η

βxη′x + αηx
(16)

θxk is the horizontal betatron phase at the kicker. The corresponding change in the longitudinal amplitude

∆a2
z = 2(∆p/p)(βzz

′
k + αzz) (17)

= 2(∆p/p)az(−
√
βz(αz cos θz + sin θz) + αz

√
β cos θz)

= −2(∆p/p)az
√
βz sin θz

= −2(∆p/p)Ez sin(θzk) (18)

where θzk is the longitudinal betatron phase at the kicker. Combining equations 1 and 13 we find

∆a2
x = −2(ξ sin(k∆s))

(
(βxx

′
kβη
′
x + γxxkβηx + αx(xkβη

′
k + x′kβηk)) + (βzz

′
k + αzz)

)
(19)

= −2ξ sin(k∆s))(Ex sin(θxk + θxc)) (20)

= −2ξ sin(k(Ax sin(θxp + θxt) +Az sin(θzp + θzt))(Ex sin(θxk + θxc)) (21)

Now let’s average over all betatron phases∫ 2π

0

∆a2
xdθxdθz = −2ξ

∫
sin(k(Ax sin(θxp + θxt) +Az sin(θzp + θzt))(Ex sin(θxk + θxc))dθxdθz (22)

= −2ξ

∫
sin(k(Ax sin(θx) +Az sin(θz + θzt))(Ex sin(θx + θ0 + θxc − θxt))dθxdθz(23)

where we use the fact that the betatron phase advance from pickup to kicker is θ0, that is θxk = θxp + θ0

Then

〈∆a2
x〉 = −2ξEx

∫
[sin(kAx sin(θx)) cos(kAz sin(θz + θzt))+

cos(kAx sin(θx)) sin(kAz sin(θz + θzt))] (sin(θx + θ0 + θxc − θxt))dθxdθz (24)

= −2ξExJ0(kAz)
√

2 sin(θzt + π/4)

∫
sin(k(Ax sin θx) [sin θx cosφ+ cos θx sinφ] dθx (25)

= −2ξExJ0(kAz)
√

2 sin(θzt + π/4)J1(kAx) cos(θ0 + θxc − θxt) (26)

We used the Bessel integral

Jn(x) =
1

π

∫ π

0

cos(nτ − x sin(τ))dτ =
1

π

∫ π

0

(cos(nτ) cos(x sin τ) + sin(nτ) sin(x sin τ)) dτ
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Optimum cooling is realized when θzt = nπ and θ0 + θxc − θxt = mπ. For example if η′k = αk = 0 and
M52 = 0, and θ0 = π then

〈∆a2
x〉 = −2ξExJ1(kAx)J0(kAz) (27)

There is cooling as long as J1(kAx) > 0 and J0(kAz) > 0, or if kAx < µ1 where µ1 = 3.8 is the first zero of
J1 and kAz < µ0 the first zero of J0. Therefore

kAx < µ1 → ax <
µ1

[M2
51βx +M2

52γx − 2M51M52αx]
1/2

kAz < µ0 → az <
µ0

(M51η +M52η′ +M6)γz

thus determining the maximum transverse and longitudinal betatron amplitudes that can be cooled. Or we
can write that [

M2
51βx +M2

52γx − 2M51M52αx
]1/2

<
µ1

kamaxx

(28)

For small x, J1(x) ∼ x
2 and J0(x) ∼ 1. In that limit Equation 27 becomes

∆a2
x ∼ −2ξax(η2γ + βη′

2
+ 2αβη′η)1/2 1

2

(
µ1

ax
amaxx

)
→ ∆a2

x

a2
x

∼ −ξ(η2γ + βη′
2

+ 2αβη′η)1/2 µ1

amax

Some numbers: a2
x ∼ εmax ∼ 1nm, and (η2γ + βη′

2
+ 2αβη′η)1/2 ∼ 1, and |∆a

2
x

a2x
| < 1 then

ξ =
3× 10−5

7.6
∼ 10−5

Recall
∆p

p
= ξ sin(k∆s).

The most effective damping requires that the power in the kicker undulator be sufficient to change the
fractional electron energy by 1 part in 105 or 3 keV for a 300 MeV electron beam. Constraints on the
design of the optics of the bypass and lattice are:

1. Minimize ax. ax is the maximum transverse amplitude that will be cooled. a2
x ∼ nεx where n is order

2 and εx is the equilibrium emittance from radiation damping. (Equation 28)

2. Maximize
[
M2

51βx +M2
52γx − 2M51M52αx

]1/2
(see Equation 28) where M5i are the elements of the

transfer matrix from pickup to kicker and η, η′ are dispersion in the pickup. γz is longitudinal twiss
parameter.

3. Maximize Ex (Equation 15)

4. Maximize | cos(θ0 + θxc − θxt)| (see Equations 11 and 16. θ0 is the horizontal phase advance from
pickup to kicker.

5. Maximize | sin(θzt + π/4)|, (see Equation 26).

3 Longitudinal motion

Evidently longitudinal cooling requires J0(kAz) > 0 and therefore kAz < µ0 where µ0 is the first zero of J0.
Then

kaz <
µ0

(M51η +M52η′ +M6)γz
(29)
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Combine Equations 1, 10-12 and 29 to determine the change in longitudinal amplitude in the kicker.

∆a2
z = −2(ξ sin(k(Ax sin(θxp + θxt) +Az sin(θzp + θzt))(Ez sin θzk) (30)

As for transverse motion

〈∆a2
z〉 =

1

(2π)2

∫ π

−π
−2(ξ sin(k(Ax sin(θxp + θxt) +Az sin(θzp + θzt))(Ez sin θzk)dθxpdθzp (31)

= −2ξEzJ0(kAx)
√

2 sin(θxt + π/4)J1(kAz) cos(θz0 − θzt) (32)

4 Summary

If ax, az are the invariant horizontal and longitudinal betatron amplitudes, for α, β, γ, η, η′ in the pickup
and M5i transport from pickup to kicker then

Ax = ax
[
M2

51β +M2
52γ − 2M51M52α

]1/2
, θx0 = tan−1 M51β −M52α

M52

Az = az(M51η +M52η
′ +M56)γz, θz0 = tan−1 αz

then
∆s = Ax sin(θx + θx0) +Az sin(θz + θz0) (33)

The change in the square of the invariant amplitude due to the change in energy in the kicker

∆a2
x = −2(∆p/p)Ex sin(θxk + θxc)

where for η, γ, η′, α, β in the kicker

Ex = ax(η2γ + βη′
2

+ 2αη′η)1/2, θxc = − tan−1 η

βη′ + αη

Then averaging over betatron phase

〈(∆a2
x)〉 = −2ξExJ1(kAx)J0(kAz) cos θx0pk cos θz0pk

For a particular choice of twiss parameters and phase advance cos θx0pk = 1 and cos θz0pk = 1. As above we

write
[
M2

51βx +M2
52γx − 2M51M52αx

]1/2 ∼ µ1

kamax
x

so that

∆ε

ε
∼ −ξ(η2γ + βη′

2
+ 2αβη′η)1/2 µ1√

εmax
(34)

5 Power

Recalled that ∆p/p = ξ sin(k∆x). ∆p/p is the fractional energy change on passage of the electrons through
the kicker undulator. Evidently the amplitude of the energy shift is ξ. Solve 34 for

ξ =
∆εx
εx

√
εmax
µ1M

where εx = a2 where M = (η2γ + βη′
2

+ 2αβη′η)1/2. If we aim to correct the offset measured in the pickup
in a single pass through the kicker then

ξ =

√
εmax
µ1M

(35)

If M∼ 1, and εmax ∼ 1 nm, then the required fractional energy change ξ ∼ 10−5. For Ebeam = 300MeV,
and the number of electrons in a slice Ns = 105 then ∆E = ξEbeamNs ∼ 300MeV = 4.8× 10−11 J. The
total power for the 0.1mA bunch is P = IξEbeam = 0.3 W
How to think about this. Suppose the accelerating fields are contained in a pulse of radiation that
co-propagates with the electrons. From above we conclude that the peak accelerating field is Ê = 3 keV.
The energy density is u = 1

2 Ê
2 = 1

2ε0Ê
2 ∼ 1

28.8× 10−12 × 9× 106 = 4× 10−5 Joules/m3. If the volume is 1
cm X 1 mm2 then the total energy is U = 4× 10−13 Joules.
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6 Limits

In that limit where k∆s� π/2, and with substitution of equation 2 into 19 we have

∆εx = −2(ξk(M51xp +M52x
′
p +M56z

′
p)(βxx

′
kβη
′
x + γxxkβηx + αx(xkβη

′
k + x′kβηk)) (36)

We compute the average change in the emittance 〈∆εx〉 where the average is over betatron phase.
Substituting Equations 4-7 into 36 and averaging over betatron phase (see Appendix for details)

〈∆εx〉 = −2πξk
a2

2
(M51

(
−
√
βpβk sinφη′k +

√
βp
βk
ηk(cosφ− αk sinφ)

)

+M52

(√
βk
βp
η′k(cosφ+ αp sinφ) +

√
1

βkβp
ηk(sinφ(1 + αkαp) + cosφ(αk − αp))

)
(37)

= −πξka2M (38)

Consider a couple of special cases. If the phase advance φ from pickup to kicker is φ = π then

〈∆εx〉 = −2πξk
a2

2
(M51

(
−

√
βp
βk
ηk

)
+M52

(
−

√
βk
βp
η′k −

√
1

βkβp
ηk cosφ(αk − αp))

)

and if the optics are symmetric so that βk = βp, αk = −αp, ηk = ηp,η
′
k = −η′p then

〈∆εx〉 = 2πξk
a2

2
(M51η +M52

(
η′k +

η

β
cosφ(2αk)

)

7 Sample Lengthening

As noted above, cooling requires that the change in path length be less than the optical wavelength,
∆s < λ. Substitution of Equations 4 and 5 into the expression for the change in path length 3
The average change in path length is of course 〈∆s〉 = 0. The mean square change in path length is

〈(∆s)2〉 =
π

2

(
a2(M2

51βp +M2
52γ − 2M51M52α) + a2

z(M51η +M52η
′ +M56)2γz)

)
(39)

a2 and a2
z are the horizontal and longitudinal emittances respectively. Particles with amplitudes within one

standard deviation of the emittance will be cooled if
√
〈(∆s)2)〉 < λ.

8 Damping

The matrix that maps from kicker to pickup is Mkp and from pickup to kicker Mpk. At the kicker

∆~x =


0
0
0

∆p/p

 = MeMl~xp =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 ξk 0




0 0 0 0
0 0 0 0

M51 M52 0 M56

0 0 0 0

 ~xp

where ~xp is the phase space vector in the pickup. Then the effect of a single turn is

~xk,n+1 = MpkMkp~xn + ∆~x = (MeMl +Mpk)Mkp~xk,n = T~xk,n (40)

The full turn matrix at the kicker is
T = ∆M +M
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where

∆M = MeMlMkp

M = MpkMkp

Compute the eigenvectors (~vi) and eigenvalues of M . We know how to do this since we have standard
methods for diagonalizing a symplectic matrix. (The eigenvalues are λ±x = e±iµx and λ±z = e±iµz ) where µx
and µz are the horizontal and longitudinal tunes.) Then in the limit where ∆M is small, (it clearly scales

with ξkMpk
5j ) the shift in the eigenvalues (tunes) is given by

∆λi ∼ ~vTi (∆M)~vi

An imaginary component will correspond to damping.

8.1 Pickup to Kicker matrix

Next to work out the matrix Mpk that maps pickup to kicker. We can write

Mpk =

(
Apk Bpk
Cpk Dpk

)

And

C =

(
M51 M52

0 0

)
, D =

(
1 M56

0 1

)
The symplectic condition requires that

ASAT +BSBT = S

ASCT +BSDT = 0

CSAT +DSBT = 0

CSCT +DSDT = S

from which we can conclude that

B = ASCT (DT )−1S

For simplicity we suppose αp = αk = 0. Then

Apk =

(
cosµx βx sinµx
− sinµx

βx
cosµx

)
Dpk =

(
1 M56

0 1

)
Bpk =

(
cosµx βx sinµx
− sinµx

βx
cosµx

)(
0 1
−1 0

)(
M51 0
M52 0

)(
1 0

−M56 1

)(
0 1
−1 0

)
=

(
cosµx βx sinµx
− sinµx

βx
cosµx

)(
M52 0
−M51 0

)(
0 1
−1 −M56

)
=

(
cosµx βx sinµx
− sinµx

βx
cosµx

)(
0 M52

0 −M51

)
(41)

where µx is the phase advance from pickup to kicker. We assume βp = βk. If ηk = ηp and η′k = η′p = 0 then

Bpk = (I −Apk)

(
0 η
0 0

)
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then from 41

Bpk = (I −Apk)

(
0 η
0 η′

)
= Apk

(
0 M52

0 −M51

)
→ A−1

pk (I −Apk)

(
0 η
0 η′

)
=

(
0 M52

0 −M51

)
→ A−1

pk (I −Apk)

(
0 η
0 η′

)
=

(
0 M52

0 −M51

)

Evidently M5i and dispersion are dependent and the product of dispersion and M5i in Equation 12

ηM51 + η′M52 =
(
M51 M52

)(η
η′

)
=
(
M51 M52

)
A−1
pk (I −Aft)

(
M52

−M51

)
Not sure what we learned with the above but at least now I know how to write the full turn at the pickup
and the kicker, that is assuming they are the same, and neglecting RF.

CSAT +DSBT = 0→ C = −DSBT (AT )−1S

C = −
(

1 M56

0 1

)(
0 1
−1 0

)(
0 0
η η′

)
(AT )−1S

C = −
(

1 M56

0 1

)(
η η′

0 0

)
(AT )−1S

C = −
(
η η′

0 0

)(
cosµ γ sinµ
−β sinµ cosµ

)(
0 1
−1 0

)
= −

(
η η′

0 0

)(
−γ sinµ cosµ
− cosµ −β sinµ

)
=

(
ηγ sinµ+ η′ cosµ −η cosµ+ η′β sinµ

0 0

)

M =

 A

(
0 η
0 η′

)
(
η η′

0 0

)
(AT )−1S

(
1 M56

0 1

)


The coupling matrix

m+ n† =

(
0 η
0 η′

)
+−SAT

(
0 −η′
0 η

)
=

(
0 η
0 η′

)
+ SATS

(
0 η
0 η′

)
= (I +A−1)

(
0 η
0 η′

)
C =

m+ n†

tr(A−D) + |m+ n†|

The eigenvectors of the rotation matrix are ~v =

(
1
±i

)
with eigenvalues e±iµ. It appears that

U = V −1MV → R(µx, µz) = G−1V −1MVG

Then the eigenvalues of M are

~mi = V G~vi → ∆λi = ~vTi G
TV T∆MVG~vi

= ~vTi G
T

(
γ −(C†)T

C γ

)(
0 0
Ml Mr

)(
γ C
−C† γ

)
G~vi

= ~vTi G
T

(
γ −(C†)T

C γ

)(
0 0

Mlγ −MrC
† MlC + γMr

)
G~vi

= ~vTi G
T

(
γ −(C†)T

C γ

)(
0 0

Mlγ −MrC
† MlC + γMr

)
G~vi
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The eignvectors of the full turn matrix are

~v =

9 Generalized kicker parameters

At the kicker ∆xkβ = −ηk∆p/p and ∆x′kβ = −η′k∆p/p.The action

a2 = βx′
2

+ γx2 + 2αxx′

2a∆a = −2∆p/p(βx′kβη
′
k + γxkβηk + α(xkβη

′
k + x′kβηk)) (42)

Now if the phase advance from pickup to kicker is 180 degrees, then xkβ = −xpβ and x′kβ = −x′pβ and

2a∆a = 2∆p/p(βx′pβη
′
k + γxpβηk + α(xpβη

′
k + x′pβηk))

= 2∆p/p
(
η′k(βx′pβ + αxpβ) + ηk(γxpβ + αx′pβ)

)
= 2(∆p/p)a

(
η′k(−

√
β sin θ) + ηk(

cos θ − α sin θ√
β

)

)

10 Cooling

Since ∆p/p = ξ sin(k∆s) we have that

2a∆a = 2aξ sin(k∆s)

(
η′k(−

√
βk sin θ) + ηk(

cos θ − αk sin θ√
βk

)

)

2a∆a = 2aξ sin

[
ka

(
M51

√
βp cos θ −M52

(αp cos θ + sin θ)√
βp

)](
η′k(−

√
βk sin θ) + ηk(

cos θ − αk sin θ√
βk

)

)
In the limit where k∆s� π/2, we can write that

∆a = ξ

[
ka

(
M51

√
βp cos θ −M52

(αp cos θ + sin θ)√
βp

)](
η′k(−

√
βk sin θ) + ηk(

cos θ − αk sin θ√
βk

)

)

〈∆a〉 = −a
2
ξk

(
M51ηk

√
βp
βk

+M52

(
ηk(αp − αk)√

βpβk
+ η′k

√
βk
βp

))
If αk = −αp and βk = βp

〈∆a〉 = −a
2
ξk

(
M51ηk +M52

(
2
ηk(αk)

βp
+ η′k

))

11 Longitudinal excitation

While the momentum shift ∆p/p is designed to damp the transverse motion, it is apparently adding noise
to the longitudinal. As long as sychrotron and betatron tunes are not related the average momentum shift
will be zero. Not a problem? If M56 is finite then

∆s = (M51η +M52η
′ +M56)δ

∆p/p = ξ sin(k(M51η +M52η
′ +M56)δ)

and there will be longitudinal cooling if the sign of ξ is chosen appropriately. But this in turn will add
uncorrelated noise into the transverse.
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12 Appendix

Suppose the betatron phase advance from pickup to kicker is θ0 so that

xkβ = a
√
βk cos(φ+ θ0)

x′kβ = − a√
βk

(αk cos(φ+ θ0) + sin(φ+ θ0))

Since

xpβ = a
√
βp cos(φ)

x′pβ = − a√
βp

(αp cos(φ) + sin(φ))

we can write

a cosφ =
xpβ√
βp

a sinφ = −
√
βpβx

′
pβ −

αp√
βp
xpβ

Then

xkβ =
√
βk

(
xpβ√
βp

cos θ0 + (
√
βpβx

′
pβ +

αp√
βp
xpβ) sin θ0

)

x′kβ = − 1√
βk

(
αk(

xpβ√
βp

cos θ0 + (
√
βpβx

′
pβ +

αp√
βp
xpβ) sin θ0) +

xpβ√
βp

sin θ0 − (
√
βpβx

′
pβ +

αp√
βp
xpβ) cos θ0

)

Let’s write 2a∆a in terms of xpβ , x
′
pβ .

12.1 Averaging over betatron phase

2a∆a = −2ξk(M51xpβ +M52x
′
pβ)(βx′kβη

′
k + γxkβηk + α(xkβη

′
k + x′kβηk)) (43)

Then we have terms like

〈xpxk〉 = 〈
√
βk

(
x2
pβ√
βp

cos θ0 + (
√
βpβxpx

′
pβ +

αp√
βp
x2
pβ) sin θ0

)
〉

〈xpxk〉 =
a2

2

√
βk

(
βp√
βp

cos θ0 + (−
√
βpβαp +

αp√
βp
βp) sin θ0

)

〈xpxk〉 =
a2

2

√
βkβp (cos θ0)

9



Next

〈xpx′kβ〉 = 〈− a2

√
βk

(
αk(

xpxpβ√
βp

cos θ0 + (
√
βpβxpx

′
pβ+

αp√
βp
xpxpβ) sin θ0) +

xpxpβ√
βp

sin θ0 − (
√
βpβxpx

′
pβ +

αp√
βp
xpxpβ) cos θ0

)
〉

〈xpx′kβ〉 = −1

2

a2

√
βk

(
αk(

βp√
βp

cos θ0 + (
√
βpβ(−αp)+

αp√
βp
βp) sin θ0) +

βp√
βp

sin θ0 − (−
√
βpβαp +

αp√
βp
βp) cos θ0

)

〈xpx′kβ〉 = −a
2

2

√
βp√
βk

(αk cos θ0 + sin θ0)

Another term

〈x′pxkβ〉 = 〈x′p
√
βk

(
xpβ√
βp

cos θ0 + (
√
βpβx

′
pβ +

αp√
βp
xpβ) sin θ0

)

〈x′pxkβ〉 =
a2

2

√
βk

(
−αp√
βp

cos θ0 + (
√
βpβγpβ −

α2
p√
βp

) sin θ0

)

〈x′pxkβ〉 =
a2

2

√
βk
βp

(sin θ0 − αp cos θ0)

Finally

〈x′px′kβ〉 = −x′p
1√
βk

(
αk(

xpβ√
βp

cos θ0 + (
√
βpβx

′
pβ +

αp√
βp
xpβ) sin θ0) +

xpβ√
βp

sin θ0 − (
√
βpβx

′
pβ +

αp√
βp
xpβ) cos θ0

)

= − a2

2
√
βk

(
−αkαp√

βp
cos θ0 + αk(

√
βpγp −

α2
p√
βp

) sin θ0 −
αp√
βp

sin θ0 − (
√
βpγp −

α2
p√
βp

) cos θ0

)

= − a2

2
√
βk

(
−αkαp√

βp
cos θ0 +

αk√
βp

sin θ0 −
αp√
βp

sin θ0 − (
√
βpγp −

α2
p√
βp

) cos θ0

)

= − a2

2
√
βk

(
−αkαp√

βp
cos θ0 −

1√
βp

cos θ0 +
αk − αp√

βp
sin θ0

)

= − a2

2
√
βkβp

((−1− αkαp) cos θ0 + (αk − αp) sin θ0)

Now we can write Equation 43 Step 1

2a∆a = −2ξk(M51xpβ +M52x
′
pβ)(βx′kβη

′
k + γxkβηk + α(xkβη

′
k + x′kβηk))

= −2ξk(M51 (xpβx
′
kη
′
k + γkηkxpxk + αk(η′kxpxk + ηkxpx

′
k)) +

M52

(
βkη
′
kx
′
px
′
k + γkηkx

′
pxk + α(η′kx

′
pxk + ηkx

′
px
′
k

)
)

Step 2

= −2ξk(M51(η′k (βkxpx
′
k + αkxpxk) + ηk (γkxpxk + αkxpx

′
k)) +

M52(η′k
(
βkx

′
px
′
k + αx′pxk

)
+ ηk

(
γkx
′
pxk + αx′px

′
k

)
)
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Step 3

= −2ξk
a2

2
(M51

(
−
√
βpβk.(αk cos θ0 + sin θ0)η′k + γkηk

√
βkβp cos θ0

+αk(
√
βkβpη

′
k cos θ0 −

√
βp
βk
αk(αk cos θ0 + sin θ0)ηk

)

+M52

(
(1 + αkαp) cos θ0 + (αp − αk) sin θ0)

√
βk
βp
η′k +

√
βk
βp

(sin θ0 − αp cos θ0)γkηk+

αk(

√
βk
βp

(sin θ0 − αp cos θ0)η′k + αkηk
1√
βkβp

((1 + αkαp) cos θ0 + (αp − αk) sin θ0)

)

Step 4

= −2ξk
a2

2
(M51

(
−
√
βpβk sin θ0η

′
k +

√
βp
βk
ηk (cos θ0 − αk sin θ0))

)

+M52

(√
βk
βp
η′k(cos θ0 + αp sin θ0) +

1√
βkβp

ηk (sin θ0(1 + αkαp) + (αk − αp) cos θ0)

)

Step 5

= −2ξk
a2

2
(M51

(
−
√
βpβk sin θ0η

′
k +

√
βp
βk
ηk(cos θ0 − αk sin θ0)

)

+M52

(√
βk
βp
η′k(cos θ0 + αp sin θ0) +

√
1

βkβp
ηk(sin θ0(1 + αkαp) + cos θ0(αk − αp))

)

If we have symmetry

= −2ξk
a2

2
(M51 (−βp sin θ0η

′
k + ηk(cos θ0 − αk sin θ0) +M52

(
η′k(cos θ0 + αp sin θ0) +

ηk
β

(sin θ0(1− α2) + 2αk cos θ0

)
and if θ0 = π

= 2ξk
a2

2
(M51ηk +M52η

′
k + 2

ηk
β
αk)

And if θ0 = π/2

= −2ξk
a2

2
(M51 (−βpη′k + ηk(−αk) +M52

(
η′k(αp) +

ηk
β

((1− α2)

)
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